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The CALPHAD approach coupled with modelling of solid-liquid interfacial energy has been
used to calculate the driving force for nucleation in undercooled melts. Thermodynamic
parameters needed in nucleation have been evaluated using simplified formulae or
numerical methods from assessed phase diagrams. Various models for the interfacial
energy and its temperature dependence have been used. Phase selection on solidification
and devitrification of glasses as well as the range of amorphous phase formation have
been predicted in the Al-Ce and Fe-B systems and compared with those experimentally
determined. Furthermore, the formation of quasicrystals in the Al-Mn and the competition
with other compounds has been investigated.
C© 2005 Springer Science + Business Media, Inc.

1. Introduction
Liquid alloys can often be deeply undercooled before
crystallisation. In the undercooled regime metastable
crystal phases may nucleate instead of equilibrium ones
with a consequent modification of the solidification
path. As a limiting case, a glass is produced at the glass
transition temperature avoiding crystal nucleation. Ac-
cording to the classical theory [1], the homogeneous
nucleation frequency IV is given by

IV = K (T ) · exp(−�G∗/RT ) (1)

where K (T ) is a function of atomic mobility, R is the
gas constant, T is the temperature and

�G∗ = 16

3
π

γ 3
SL

(�µ)2
(2)

is the driving force for nucleation of a spherical crystal.
�µ is the chemical potential difference between liquid
and crystal phases and γSL is the interfacial energy be-
tween crystal and melt. �µ is only rarely accessible to
direct measurements, but can be obtained from empiri-
cal formulae or computer calculation of phase diagrams
(CALPHAD) [2, 3]. Analogously, γSL is known for el-
ements at the melting point [4] but must be modelled
for alloys and compounds.

The search for new compositions of multicomponent
metallic glasses [5–6] can benefit from the evaluation
of driving forces for nucleation of crystal phases, as
shown recently for Al-based alloys [7]. Among other
metastable phases, the nucleation of quasicrystals is
specially relevant because of the closeness of short
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range order in the solid and the melt [8]. This can pro-
vide a test for models of γSL.

Aim of this work is the calculation of the driving
force for nucleation of Al, Fe and compounds in sim-
ple glass-forming systems (Al-Ce and Fe-B) and of the
icosahedral phase in Al-Mn, where it has first been dis-
covered in 1984 [9]. Assessments of the phase diagrams
are reported in the literature ([10] for Fe-B, [2] for Al-
Ce, [11] for Al-Mn). They have been used to provide the
thermodynamic basis for calculations. Extrapolations
in the undercooling regime of the optimised liquid free
energy functions are required and their accuracy was
checked by comparing the computed difference in en-
thalpy between liquid and crystal phases with the heat
of crystallisation available from experiments [12].

γSL is known experimentally for a number of ele-
ments and for a few binary compositions and com-
pounds at their melting point, often with large uncer-
tainties [13, 14]. In the undercooling regime γSL is not
an equilibrium quantity, it becomes an operative param-
eter expressing the work needed for crystal nucleation.
The interfacial energy has been obtained from empiri-
cal formulae or models of the liquid-crystal interface.
The results of calculations are used to predict the se-
quence of phases obtained in solidification of melts or
devitrification of glasses.

2. Modelling
It has been chosen to consider nucleation as ho-
mogenous although it is recognised that in most
instances heterogeneous nucleation would occur. How-
ever, the “shape factor” in Equation 2 causing reduc-
tion of the value of �G∗, depends on every single
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heterogeneity and is generally unknown. Therefore cal-
culations would be difficult to perform and impossible
to compare. The validity of the results will be assessed
a posteriori from comparison with experiments.

The composition of the most probable nucleus is dif-
ferent from that of the matrix. It is defined at constant
temperature by applying the “parallel tangent construc-
tion” [15, 16] to the liquid free energy curve at the alloy
composition and to the solid free energy curve. If the
difference in the chemical potential of an element in the
two phases is noted by �µ, a simple expression for an
element nucleating in a regular liquid solution is [15]:

�µ = (Tl − T )
(
�SA

melt − R ln xA
)

(3)

where Tl is the liquidus temperature, �SA
melt and xA are

the entropy of melting and the alloy mole fraction of
component A, respectively.

The Gibbs free energy of glass-forming melts devi-
ates usually from regularity because of the tempera-
ture dependence of thermodynamic quantities caused
by the substantial excess specific heat [17, 18] so
Equation 3 is no more suited. A reliable description of
the thermodynamic functions can be obtained by means
of the CALPHAD approach for calculation of phase
equilibria. The method uses a multiparametric fitting
procedure of experimental data to provide optimised
thermodynamic functions. In glass-forming system, the
amorphous phase and the liquid-glass transition must
be modelled. Furthermore, metastable compounds must
be included in the simulation if they compete in stabil-
ity with the glass. This approach has been applied to
the Fe-B and Al-Ce systems [2, 10, 12] using the Ther-
moCalc software [19].

The crystal-liquid interfacial energy of metals scales
with the enthalpy of melting as shown by the early data
of Turnbull [20]:

γSL = α · �Hm/V 2/3
m N 1/3

a (4)

where α is an empirical constant taken as 0.44, Vm is the
molar volume of the solid and Na is the Avogadro’s con-
stant. Droplet undercooling experiments of pure metals
[21, 22] confirmed this α value. Non structural models
for the temperature dependence of γSL have been pro-
posed using the “diffuse interface” approach [23, 24]. A
proportionality between the work needed to create the
crystal-melt interface and the temperature was derived.
The following formula fits well the computed γSL in the
undercooling regime down to 1/2 Tm (Tm is the melting
point):

γSL(T )/γSL(Tm) = 0.48 + 0.52 · (T/Tm) (5)

where γSL(Tm) is the crystal-liquid interfacial energy at
the melting point.

A simpler non-structural model [16, 25], where a
sharp crystal/melt interface is assumed, has yielded the
following expression:

γSL(T ) = [0.24 + 0.29 · (T/Tm)]�Hm/V 2/3
m N 1/3

a (6)

For compounds the lack of experimental data is
nearly complete. Considerations on crystal plane sym-
metry and occupancy suggest that non structural mod-
els are not suitable to describe a monolayer interface
between the crystalline compound and the melt. In a
recent paper [14] a structural approach has been in-
troduced to model the surface of several Al-transition
metal compounds showing that Equation 4 can still be
applied though using different values of the proportion-
ality constant, e.g. 0.43 for Al5Fe2, 0.39 for Al13Fe4 and
0.34 for the icosahedral Al-Fe phase.

3. Results and discussion
3.1. Fe-B
Glassy alloys are obtained close to the Fe-rich eutectic
(17 at.% B) and the sequence of phases in the crys-
tallization process is well established [26]. Calculated
�µ curves as a function of temperature for nucleation
of bcc Fe, metastable Fe3B and Fe2B from an hypoeu-
tectic Fe85B15 melt are shown in Fig. 1. The calculation
has been performed using the assessment of [10]. �µ

is nil at the liquidus point and increases on undercool-
ing. For bcc Fe, the curve is relatively insensitive to
the shape of the liquid free energy and bends upwards
because of the magnetic contribution to the crystal free
energy. Using Equation 3, a straight line for �µ is ob-
tained with values only slightly higher than those ob-
tained from the CALPHAD approach. For compounds,
a downwards bending of �µ occurs at low temperature
as a consequence of the progressive change in shape of
the liquid free energy curve caused by the excess spe-
cific heat. It is apparent that Equation 3 would give a
straight line and, therefore, cannot be applied to inter-
metallic compounds. �µ for the bcc phase is definitely
the highest at low temperature. The behaviour of �µ as
a function of composition at the temperature of 800 K
(close to the glass transition temperature) is given in
Fig. 2. Depending on composition, the highest values
pertain to either the bcc phase or Fe2B, whereas those
for metastable Fe3B are always relatively lower.

Figure 1 Fe-B system. Calculated difference of the chemical poten-
tials between the various nucleating crystalline phases and the liquid-
amorphous matrix (�µ) as a function of temperature for a Fe85B15 alloy.
The calculated curve for the bcc phase according to Equation 3 is also
reported (dashed dotted line).
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Figure 2 Fe-B system. Calculated difference of the chemical poten-
tials between the various nucleating crystalline phases and the liquid-
amorphous matrix (�µ) as a function of composition at a constant
T = 800 K.

Values for the solid-liquid interfacial energy for all
crystalline phases calculated according to Equations 4–
6 at the melting temperature are reported in Table I.
They have been obtained from optimised enthalpies of
melting (�Hm) using α = 0.44. The values obtained
with Equations 4 and 5 are slightly different from those
obtained with Equation 6 but all fall within the normal
scatter of experimental data for γSL [13].

The driving force for nucleation (�G∗) has been
computed with Equation 2 and is shown in Fig. 3a
for Fe85B15. On approaching the melting temperature
of each phase the driving force diverges because �µ

tends to zero and the nucleation frequency becomes
negligible. On the contrary, at high undercooling �G∗
for the bcc phase is the lowest at every temperature for
an hypoeutectic composition, suggesting that its nucle-
ation is always favoured. Using Equations 5 and 6 for
the temperature dependence of the interfacial energy,
all values of �G∗ are reduced but the hierarchy of the
various phases is not modified (Fig. 3b and c).

�G∗ has then been calculated at 800 K according
to Equations 4–6 (Fig. 4a–c) as a function of composi-
tion. In the Fe-rich side, the bcc phase has the highest
tendency to nucleate, then there is a composition range
where metastable Fe3B should form first and finally for
higher B content nucleation of Fe2B is favoured. The
decrease of γSL with undercooling produces a general
reduction in the calculated values of the driving forces
and a restriction of the field where Fe3B should nucleate
first. The range of composition where the driving force

TABL E I Fe-B system. Computed values of the enthalpy of melting
(�Hm) and interfacial energy (γ (Tm)) at the melting temperature Tm

for various phases. Enthalpies have been obtained from the assessment
in [10], interfacial energies by applying (a) Equation 4 or Equation 5
(α = 0.44) or (b) Equation 6

Fe-B Fe (bcc) Fe2B Fe3B

�Hm (kJ/mol) 13.81 26.89 18.11
Tm (K) 1811 1671 1431
γ (Tm)a (J/m2) 0.155 0.302 0.203
γ (Tm)b (J/m2) 0.187 0.364 0.245

Figure 3 Fe-B system. Calculated driving forces for nucleation (�G∗)
of various crystalline phases from a Fe85B15 melt as a function of tem-
perature according to different models for the interfacial energy: (a) γSL

from Equation 4; (b) γSL from Equation 5; (c) γSL from Equation 6.

Figure 4 Fe-B system. Calculated driving forces for nucleation (�G∗)
of various crystalline phases as a function of composition at constant
T = 800 K according to different models for the interfacial energy:
(a) γSL from Equation 4; (b) γSL from Equation 5; (c) γSL from
Equation 6.

for nucleation of crystalline phases is low corresponds
fairly well to the range where amorphous phases can
be obtained by rapid solidification [27]. Furthermore,
Fig. 4 is also useful for understanding the sequence of
phases obtained in devitrification [26]. From dynamic
temperature X-ray diffraction the first appearance of
the bcc phase was reported for B content up to about
17.5%, then metastable Fe3B is found to form first. Re-
sults in Fig. 4 correctly predict the formation of Fe3B,
even if the range of first nucleation of the bcc phase is
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Figure 5 Al-Ce system. Calculated difference of the chemical poten-
tials between the various nucleating crystalline phases and the liquid-
amorphous matrix (�µ) as a function of temperature for a Al91Ce9

alloy.

overestimated. The agreement with the phase sequence
found in devitrification and solidification shows that,
even if heterogeneous nucleation can occur, it does not
change the hierarchy of driving forces.

3.2. Al-Ce
The same approach hereto described for the Fe-B sys-
tem has been applied to the Al-Ce glass forming system
which is significant for the family of Al-rich glassy al-
loys containing a rare earth element [6]. Calculations
have been performed for fcc Al and Al11Ce3 phases,
which compete in devitrification in the Al-rich corner,
using the CALPHAD assessment reported in [2]. Cal-
culated curves of �µ as a function of undercooling for a
eutectic Al91Ce9 alloy (Fig. 5) show a similar behaviour
with respect to the Fe-B system, with the bending for
the compound at low temperature. In this case the low-
est value is obtained for the Al phase which should then
nucleate less likely then Al11Ce3.

Melting enthalpies and interfacial energies are re-
ported in Table II. The calculated curves of the driving
force for nucleation are shown in Fig. 6 as a function of
composition at the temperature of 500 K. There is an
increase in �G∗ in agreement with the experimentally
reported amorphisation range (7–10 at%Ce in [6]).

3.3. Al-Mn
In order to apply the foregoing method to nucleation of
quasicrystals, a CALPHAD assessment of the system

TABLE I I Al-Ce system. Computed values of the enthalpy of melting
(�Hm) and interfacial energy (γ (Tm)) at the melting temperature Tm for
various phases. Enthalpies have been obtained from the assessment in
[2], interfacial energies by applying (a) Equations 4–5 (α = 0.44) or (b)
Equation 6

Al-Ce Al (fcc) Al11Ce3

�Hm (kJ/mol) 10.71 20.87
Tm (K) 933 1525
γ (Tm)a (J/m2) 0.120 0.234
γ (Tm)b (J/m2) 0.145 0.282

Figure 6 Al-Ce system. Calculated driving forces for nucleation (�G∗)
of fcc and Al11Ce3 phases as a function of composition at constant
T = 500 K according to different models for the interfacial energy: (a)
γSL from Equation 4; (b) γSL from Equation 5; (c) γSL from Equation 6.

including the Gibbs energy of the icosahedral phase is
required. However, none has been reported in the liter-
ature. A recent assessment ([11]) has then been used to
derive its Gibbs free energy as a difference from either
the equilibrium crystal phases or the liquid free energy
employing data on heats of transformation according
to [28].

The calculated �µ curves for various phases
which compete with quasicrystals formation in rapid

Figure 7 Al-Mn system. (a) Calculated difference of the chemical po-
tentials between the various nucleating phases and the liquid-amorphous
matrix (�µ) as a function of temperature for a Al80Mn20 composition.
(b) Calculated driving forces for nucleation (�G∗) of various phases
from a Al80Mn20 composition as a function of temperature. Equation 4
has been used for the interfacial energy, but two values of α have been
used for quasicrystals: dash double dot line, α = 0.44; short dash dot,
α = 0.34.
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TABL E I I I Al-Mn system. Computed values of the enthalpy of melt-
ing (�Hm) and interfacial energy (γ (Tm)) at the melting temperature Tm

for various phases. Enthalpies have been obtained from the assessment
in [11], interfacial energies by applying (a) Equations 4–5 (α = 0.44) or
(b) Equation 6

Icosahedral
Al-Mn Al Al6Mn Al4Mn Al11Mn4 phase

�Hm (kJ/mol) 10.71 20.46 20.54 22.41 18.84
Tm (K) 933 1090 1218 1277 1110
γ (Tm)a (J/m2) 0.120 0.229 0.230 0.252 0.187
γ (Tm)b (J/m2) 0.145 0.277 0.278 0.303 0.255

solidification are shown in Fig. 7a for a Al80Mn20 melt.
The linear behaviour is due to the simpler model used
for the liquid phase which does not include any term
to account for excess specific heat contributions. �µ

values for the icosahedral phase are intermediate be-
tween those for intermetallic compounds and the lower
value of the fcc phase. The calculation of interfacial en-
ergies has been performed with the same approach as
for the other systems (Table III). The driving forces for
nucleation are shown in Fig. 7b where the nucleation
of quasicrystals does never appear the most probable.
The temperature dependence of the interfacial energy
expressed by Equations 5 and 6 does not significantly
modify this result. It is apparent that the correct hier-
archy in phase nucleation can be reproduced only by
lowering the value of γSL, e.g. in terms of Equation 4
by reducing the value of the α constant below 0.44. Fol-
lowing the suggestion of [14] for the icosahedral phase
in Al-Fe, α is taken as 0.34 also for Al-Mn (Fig. 7b).
The resulting �G∗ curve correctly predicts a high ten-
dency to nucleation for quasicrystals on undercooling,
according to experimental findings. The low value of
the liquid-crystal interfacial free energy is consistent
with the similarity in short range order of the liquid and
icosahedral phases recently demonstrated by means of
various diffraction experiments [29, 30].

4. Conclusions
The use of experimentally assessed CALPHAD mod-
els and optimised thermodynamic functions has proved
useful in evaluating the driving forces for nucleation.
Care must be used in considering also metastable
phases in the simulation. With simple formulae for
the solid-liquid interfacial energy, including a tempera-
ture dependence, driving forces for nucleation are com-
puted which explain well experimentally determined
phase selection and amorphous ranges in Fe-B and Al-
Ce. In the case of Al-Mn, however, a different propor-
tionality constant is needed to allow for nucleation of
quasicrystals.
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